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ABSTRACT 3 0330 
A new model f o r  t p a t i n g  plasma radiat ion processes i n  plasmas i s  extended 
t o  t h e  problem of bremsstrahlung emission from electron-electron co l l i s ions .  
The spec t ra  of longi tudina l  and transverse waves, including d i e l e c t r i c  e 'ffects,  
are derived t o  lowest non-vanishing (quadrupole) order.  
spectrum of t ransverse waves near UI = 2wP, t h e  f irst  harmonic of the  e lec t ron  
plasma frequency, i s  noted. The high frequency form of t h e  t ransverse spectrum 
i s  approximately evaluated and found t o  be r e l a t i v i s t i c a l l y  small by comparison 
with the  dominant e lectron-ion bremsstrahlung. F in i t e  wave length correct ions 
A resonance i n  the  
t o  t h e  rad ia t ion  generated by electron-ion co l l i s ions  are a l s o  discussed. 
I Io INTRODJCTION 
In a recent paper' (hereaf te r  ca l led  Ref. 1) a model describing the  
emission of rad ia t ion  by a c l a s s i ca l ,  fully ionized plasma was presented. 
m o d e l  describes,  i n  a simple but self-consis tent  fashioq, plasma modifications 
of the bare p a r t i c l e  bremsstrahlung spectra by considering a )  the  co l l id ing  
p a r t i c l e s  giving rise t o  t h e  radiat ion as in te rac t ing  through a dynamically 
shielded po ten t i a l  and b )  the  emission process as taking place i n  a dispers ive 
plasma medium which alters the  propagation cha rac t e r i s t i c s  of the waves. 
Results obtained i n  the dipole approximation, t o  which Ref. 1 i s  re s t r i c t ed ,  
are i n  agreement with Mercier's2 and Dupree's3 calculat ions,  t he  lat ter based 
on a formal hierarchy expansion. 
This 
- 
- 
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3 
In dipole order t he  wavelength of t he  emitted rad ia t ion  is considered 
I n f i n i t e l y  long compared t o  a cha rac t e r i s t i c  dimension of i t s  source, which 
fo r  shielded p a r t i c l e  in te rac t ions  is  at most a few e lec t ron  Debye lengths.  
In t h i s  approximation, only electron-ion co l l i s ions  produce bremsstrahlung, 
f o r  i n  each electron-electron encounter the rad ia t ion  f i e l d  of one pa r t i c l e  
i s  equal  in magnitude and oppositely phased t o  that  of the  second. 
.I 
4 
5 1 
When the  f i n i t e  r a t i o  of the  emission wavelength t o  the  source s i ze  i s  L 1 
% 
taken i n t o  account, co l l i s ions  between e lec t rons  produce a net quadrupole 
r ad ia t ion .  In addition, there  arise f i n i t e  wavelength correct ions t o  the  1 
$' e lec t ron-  ion bremsstrahlung spectra .  
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W e  address ourselves i n  t h i s  paper t o  the electron-electron rad ia t ion  - 
*v. 
process, applying and extending the  techniques developed i n  Ref. 1. F in i t e  
wavelength correct ions t o  the  electron-ion spec t ra  have a l s o  been derived and 
a summary of the  r e s u l t s  of t h i s  calculat ion i s  included i n  Section V I .  
I 
% 
q 
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';'he col lect ive d i e l e c t r i c  aspects of t he  bremsstrahlung problem are  of 
p a r f s c d a r  iazeres t  i n  so l a r  physics, where resonances i n  the  spec t ra  of Type 
T I  radlo ' c w s t s  at  t he  e lec t ron  plasma frequency and i t s  harmonic have been 
exptaiped as, respectively,  enhanced electron-  ion dipole and electron-electron 
qzadrlipoie bremsstrahlung from st rongly non-thermal plasmas 
presr-rtly t h a t  a resonance a t  twice the  e lec t ron  plasma frequency i s  a na tu ra l  
c'scs-quesce of c o ~ s  idering e l e  ctron-ele e t  ron rad ia t ive  interact, ions within t h e  
framework of our model. 
4 
L 
We s h a l l  see 
- 2 -  
We consider rad ia t ion  as emanating from t e s t  current sources embedded in ,  
in te rac t ing  with, bu t  l og ica l ly  d i s t inc t  from an i n f i n i t e ,  s p a t i a l l y  homogeneous, 
Vlasov plasma. 
d i s t r ibu t ions .  
contributions t o  the  microscopic current a r i s ing  from co l l i s ions  between d is -  
I n i t i a l l y ,  t he  sources a re  considered as a rb i t r a ry  current 
Later,  however, they w i l l  be spec i f ied  as t he  time varying 
I -  -
- 
c 
m e t e  plasma pa r t i c l e s .  
For t he  high frequencies of i n t e re s t  (w > %, t he  e lec t ron  plasma f r e q u e x y ) ,  
only the  Qnamic  response of t h e  e lec t ron  component of the  i n f i n i t e  Vlasov 
plasma need be considered; t he  ions simply provide a s ta t ionary,  uniform, 
neut ra l iz ing  background. For s implici ty  we consider t he  case where no macro- 
scopic f i e l d s  are present,  although the existence of a steady, weak, and uniform 
magnetic f i e l d  leads t o  an in te res t ing  modification of the  results' .  
Embedded i n  the  plasma, t he  source current,  which we s h a l l  describe by 
a dens i ty  j (r  t ) ,  polar izes  the  medium and de l ivers  energy t o  the  plasma a t  
bMs=lJ 
a rate 
(2.1) 
where E&t) i s  the  s e l f  f i e l d  ar is ing from j modified by the  plasma. &' 
If Eq.  (29) i s  averaged over an a r b i t r a r i l y  long (compared wit.h the  duration 
/wp) in terval ,  - /2 t o  f /2, t he  average power delivered 1 T T Of a t y p i c a l  c o l l i s i o n  
is  j u s t  
P =  J s  
J -% 
- 3 -  
Wkz j, and E a r e  expanded as Fourier in tegra ls ,  Parseval ' s  'Theorem can be 
applied ir, the  l i m i t  t h a t  T i s  taken t o  be i n f i n i t e l y  long and Eq. (2.2) cas t  
as ar- equivalezt dcuble in t eg ra l  over the  conjugate va r i ab le s& and w, 
Mu )wI 
trie Fcurier transform of the  arbit .rary function g ( r , t )  Y being defined as 
The e lec%ric  f i e l d  & i s  r e l a t e d  t.hrough Maxwell's equations, which 
m 
carL be expressed i n  the  form 
The quantity 
medium by the  source. 
p> represents the plasma current a r i s i n g  from polar iza t ion  of t h e  8 am
It i s  the  presence of t h i s  term which introduces charac- 
t e r i s t i c  plasma wave e f f ec t s  (e .g. d i e l e c t r i c  shielding of t ransverse waves 
and t he  existence of propagating longi tudinal  waves) i n t o  t h e  problem. 
' 
Equation 
(2 .4 )  m d  an equation of cont inui ty  f o r  t.he t o t a l  current ,  plasma p l u s  source, 
are  equivalent t o  a solut ion of the  full Maxwell equations f o r & *  
For s m a l l  amplitude waves, f p  i s  proport.iona1 t o  5 and for  a Vlasov plasma 
r* 
is r e l a t ed  t o  t h e  l i n e a r  deviation f of t h e  e l ec t ron  d i s t r i b u t i o n  from i t s  
st,eaciy s t a t e  ( i n  the absence of js)  value 
*I 
f 
, ... 
n beirLg the  average e lec t ron  number densi ty  and -e t h e  e l ec t ron ic  charge. The 
- 4 -  
I . 
perturbation f i s  determined from the  l i nea r i zed  Vlasov Equation 
- m being the  e lec t ronic  mass. The small  damping, 5 ~ ; ~  has been introduced i n  
the  customary way only f o r  mathematical convenience i n  determining t h e  proper 
path f o r  contour in tegra t ion  and i s  ult imately put t o  zero. 
- *  
If we r e s t r i c t  
ourselves t o  i so t ropic  media so t h a t  fo  
i n  Eq. (2 .6)  vanishes. 
Combining Eq. (2.6) with Eq. (2.5) 
i n t o  Eq. (2.4), we solve f o r  5, 
13 ), t he  magnetic i n t e rac t ion  term 
t p  
and subs t i tu t ing  t h e  r e s u l t  f o r  
-I 
E =  -I k -2J { [& lc (p&g[c~kk-~- l  +u+ -I ,u% & ( d - k * i  +E. .?  
t k  nu- k * &  [I + w,.k-2Jd3v !$ * %h" .LI (LL)-k.v b - +A6.)-J-'j 9 (2*?)  
am a a  
and f i n d  that it s p l i t s  i n t o  components longi tudinal  and t ransverse t o  k. In 
*y 
. . I  
Eq. (2 .7)  wp = (&IIne2m-1)L'2 i s  the  electron plasma frequency. 
9 
This value of 2 i s  i n  t u r n  introduced i n t o  Eq. (2.3) and an expression 
f o r  F quadratic i n  the  source function 
It w i l l  be henceforth understood t h a t  T i s  an a r b i t r a r i l y  long in t e rva l .  
average power F w i l l  be shown t o  be independent of T (as  it should b e ) ,  s o  
long as  T i s  long. 
The 
Use has been made i n  Eq. (2.8) of t he  f a c t  t h a t  since E ( r , t )  
C I C  
* 
i s  a r e a l  quantity &(-k,-w) = & (k,w). The functions D and DL, whose complex 
H y -  Y T -  T 
- 5 -  
complex conjugate (*) values appear are  the  u s u a l  longi tudina l  and t ransverse 
dielec-krlc fumt ions  
B e c a s e  cf t he  assumed isotropy of fo, they are icdependent of the  d i rec t ioc  
of k aad each possesses %he property D(k,-w) = D (k,w). 
* 
w 
It can be readi ly  shown t h a t  fcr a given value of & t h e  real par t  of t h e  
iEtegrand i n  Eq. (2.8) i s  an odd f'unct.ion of w and vanishes upon in tegra t ion .  
The imaginary par t  of t he  integrand is ,  on the other  hand, even i n  w and non- 
vai ishing so  t h a t  ? i s  (as it must  be)  a real  quantity.  
multiply the  r igh t  hand s ide of Eq. (2.8) by 2 and r e s t r i c t  a t t en t ion  t o  
We s h a l l  consequently 
posiC,ive w-values, in te rpre t ing  the  w-integrand as the  power emission spectrum, 
Equation (2 .lo) i s  our' fundatnenbal [working. ,equation. Resonances i n  the  
integrand of E q .  (2.LO) a r i s ing  from the  near vanishing of D and D correspond 
respect ively t o  the emission of longi tudinal  and t ransverse waves. 
strahlung we mean j u s t  such wave contributions t o  t h e  longi tudina l  and t ransverse 
emission spec t ra  when the  sources a re  properly spec i f ied .  
L T 
By brems- 
Longitudinal wave propagation occurs at frequencies close t o  but s l i g h t l y  
higher than w with corresponding wave numbers P 
- 6 -  
(2 .11:) 
u being t h e  r m s  thermal veloci ty .  
wavelengths of longi tudinal  osc i l la t ions  become cmparable t o  o r  smaller than  
an e lec t ron  Debye length ( A D  = uulP ), and such waves damp by phase mixing 
(Landau damping). For a thermal equilibrium plasma Dawson and Oberman6 point 
oilt t h a t  only longi tudinal  osc i l la t ions  i n  t h e  approximate frequency i n t e r v a l  
u) 
For frequencies much higher than wp, t h e  
-1 
< w -< 1.4 wp are  appreciably undamped. P 
Transverse waves, on the  other  hand, propagate at any frequency g rea t e r  
than  w with a wave-number frequency re la t ionship  P 
Such t ransverse waves thds  have phase v e l o c i t i e s  g rea t e r  than  c and hence do 
not Landau damp. 
- 7 -  
- 
y 2 -  1 * .  112 rLjk of  1. n s  as the accelera%ea emit ters  c f  such r a r l i a t i o r  e m  be 
A s  EXL a i d  i o  i s c l a t ing  the  accelerat ive port.ior, of the  currprk dLnsity, 
w- f 9 k '  i w ~  time der ivat ives  of Eq.  (3.1), Fourier transform Er, time. and obtain 
f:,c (&,w) (the qumLitj- which appears i n  Eq.  ( 2 . 8 ) ) ,  
9 
P;1 6rcFJ-r o f  magnitude e a i m a t e  of zhe terms i n  t h i s  equation ir,d.icat,?s 
w k r e  t.h? typ ica l  value of Ve has been taken t o  be t h e  r m s  v e h c i t y  u cf t,he 
?'Lei? ~ ~ ~ i ~ s  From the discussion i n  Section 11, w e  know t,h&$ the  phase v e l o c i t i e s  
rrl 
- 8 -  
. 
terms of o~3y , re ta in ing  0 terms, s ince it w i l l  be evident shor t ly  
t h a t  O(1) t e r n s  vanish iden3ically f o r  t he  eleetrori-electron process. [For w 
near wp, small terms are  of O ( C Y ) ;  f o r  much higher frequencies they ere ye t  
smaller . 3 
A s  we are ir; terested il? bremsstrahlzng from electron-electron co l l i s ions ,  
and i t s  der ivat ive Ye can be represented as a sum over the  
2 E q .  (3 .2)  
t h e  accelerat ion 
contributions See' and VeeI from individual encounters. To 0 
then becomes 
be I, 
yl m* 
and s ince the  suns e and e' extend over the  same assemblage of pa r t i c l e s ,  it 
follows t h a t  
Now we expand 
m 
successive terms i n  the  expansion ( 3 . 5 )  are of O(Q) since we amic2pat.e +-,h3t 
- 9 -  
ir Eq. ( 3 . 6 )  are  i d t n t , c a i q  vanishing. (For 
(3.7) 
8 - *  * c ~ ~ . ~ i c ; c r . s  
t;r.emss:vrak;lung discJ.ssed i n  R e f .  1.) 
x-c d ~ f ; i x h y  + . h ~  reLa+ive v e i c c i t y  vt.ztor veel = v e - vel we .,-Etain for & . ( i 9 w )  
-(&,w) has a non-zero O ( 1 )  cmponent which l e d s  t o  t he  dipcle  
Subst i tut ing from the  equations of motion 
*lu * * I C *  
( 3 . 9 )  
w?ier?, f c r  c o r x e n i e x e ,  we have deftne.3 
.a. 
(We s h a l l  shnrb ly  r e l z t e  G* I to-  t he  t h i r d  t i m e  der iva t ive  cf t he  e-e I quadruP?le tensol;) 
r: (I. 
X L W  qeel as i t  appears ir, Eq.  (3.10) i w o l v e s  the  exact o rb i t s  of parkicies  
% 
aril e' To obt aPn the exact orbiC,s, t he  ma.xy bady problem must be solved and 
t:i:S ;r 3 m s 5  difficclt tisk. However, f o r  a range of frequencies, extending 
frcm w c l o s ~  kp t,o ws@ = ursOoJ where r9& i s  the  impect parameter a t  which 
t hc z-Jt rage e lectron undergc~es a 90" deflect  ion, the  c o l l i s i o m  which c o x r i b U t e  
- I  
P 
- t raversed by each of the  col l iding pa r t i c l e s  e and e' i n  such s m a l l  angle 
co l l i s ions  is ,  t o  a good approximation ( i n  the  absence of ex te rna l  f i e l d s ) ,  t he  
superposit ion of i t s  mean r e c t i l i n e a r  mokion and LC s:~inIl rapidly f luc tua t ing  motion 
produced by the  sum in te rac t ion  of a l l  other  pa r t i c l e s  of t h e  medium. 
This f luc tua t ing  motion would i tself  be a d i f f i c u l t  quant i ty  t o  evaluate.  - 
However, w e  a r e  only in te res ted  i n  the average power radiated.  
f o r  t he  power radiated,  en ters  quadrat ical ly .  We must therefore  evaluate 
the  average of E&1 squared. 
pr inc ip le  f o r  dressed p a r t i c l e s  as put f o r t h  by Hubbard7 and Rostoker'. 
I n  Eq. (2.10) 
1 . F  
H. 
To do t h i s  we make use of t he  superposit ion 
Av - 
According 
.*. 
t o  Rostoker w e  may employ the  following mean Gel, 
lu 
"' f(e"lZ) + $(e"le')) 
+/q&,pYell ~ d ~ r ~ l * t ~ ~ v e l l l  &le.' L -.. f (e.'IZ) f (e"" #f 
0-1 1 @El - t M  p3~mJd3&* [QeF u 5 (3.11) 
... 
f o r  computing these  averages, t r e a t i n g  $eea as uncorrelated with Q e"' ( i n  the  
squared form of),) provided the  p a i r  ee' i s  d i f f e ren t  from the  p a i r  e* e". 
A ba r  ( - )  i n  Eq. (3.11) s ign i f i e s  t h e  mean r e c t i l i n e a r  motion of t he  
2 L .I
L 
2. e.. 
p a r t i c l e ( s )  i s  t o  be used, m d  thus  %-,I i s  t h e  contr ibut ion t o  Qpe' due t 3  the  
d i r e c t  i n t e rac t ion  of e and e' as they follow t h e i r  r e c t i l i n e a r  t r a j e c t o r i e s .  
The remainder i s  t h e  contr ibut ion t o  Qeel from shielding, i . e .  from a l l  other 
: 
plasma e lec t rons  regarded as f i e l d  pa r t i c l e s  in te rac t ing  with e and e' as the  
m ...*. 
#a 
.). 
l a t t e r  move along t h e i r  r e c t i l i n e a r  orb i t s .  A der ivat ion of t h e  superposit ion 
p r inc ip l e  and a discussion of i t s  appl icat ion t o  t h e  bremsstrahlung problem are  
found i n  t h e  work of Dawson and N&ayamas. 
The quant i ty  f ( e "  b) i s  t h e  perturbation i n  t h e  one p a r t i c l e  e lec t ron  d is -  - 
t r i b u t i o n  (as a funct ion of t he  phase space coordinates of e " )  a r i s ing  from t,he " 
r e c t i l i n e a r  motion of e .  To obtain f ,  we solve the  t es t  p a r t i c l e  problem ir, 
which e moves aiong the t r a j ec to ry  F(t) = reo + Bet through an 
we LLI Y 
- 11 - 
E. fir.,i:P ~ ur-if:rrm VZasov plasma consisting of mobile e lec t rorx  and a smeared 
c U T  i f z i -g  i o 3  backgromd. Only t he  longi tudinal  irit-.ract,ion betwwn 
: & - - c L , r p V  e a113 ths plasma is rs ta ined,  the  t,ransverse f i e l d s  being r e i a t i v i s -  
L , ~ c : : A L y  zma12. if ?he thermal erergy of the electrons i s  much less than t 'r,eir 
a. nil j T e5 F i a  v a h e  of f so  derlved i s  
_ _  L-c &,he AppecdLx we have derived'&:,l ic accord with Eq.  (3.11) and f i c d  
ry- 
A L  sukscr lp t .  indicates  a vect-cr component perpendicular t o  k' and *r I i s  the  
bw 
L 
- 1 2 -  
I * -  
_-  
N. QUADRUPOLE SPECTRA 
Only the  s t r a i g h i  l i n e  o r b i t s  of the in te rac t ing  p a r t i c l e s  e and e '  en t e r  
Eq. (3.13). When & (k,,o') appears quadratically,  a s , i t  does i n  Eq. (2.10), 
the in te rac t ing  p a r t i c l e s  are now considered uncorrelated and there 
occurs only a sum over e and e '  ra ther  than  t h e  ordinary four-fold sum. 
Further, t he  term exp - i n  Eq. (3.13) can be replaced by unity,  s ince [ 
times, t J  and t ,  appear because the  two exponentials occur i n  d i f f e ren t  Fourier 
t i m e  t r a n s f o r m )  , which i s  approximately uni ty  i n  the  long wavelength approxi- 
m a t  ion. 
To shorten the  presentat ion while i l l u s t r a t i n g  the  technique, w e  s h a l l  
The develop only t h e  t ransverse electron-electron bremsstrahlung spectrum. 
longi tudina l  spectrum i s  s imi la r ly  derived, and t h e  r e s u l t  
w i l l  be quoted and discussed. 
Subs t i tu t ing  the  value of f r o m  Eq. (3.9) i n t o  Eq. 
of t h i s  ca lcu la t ion  
2.10), we obtain 
- -  - -  I ' L J d %  I L, &$* [ ! ) @ J * k % k  L. m a  
k"DrK4 e/e d(d 72Tr3T 2 
... . .. 
where $ e l e  = G e l .  The s'ms s t i l l  extend over a l l  e lectrons except t he  pa i r s  
% W lb 
e = e ' .  
resonance i n  the  lkl ictegrand occurring near t he  151 value givexi by Eq. ( 2 * 3 2 )  
and i s  
The wave contr ibut ion i s  extracted by in tegra t ing  1oca.lly over t he  
I 
where E = fg i s  un i t  vector  i n  the  d i r ec t ion  of wave propagatioc. The in-hegrarlz 
a v  
of E q .  (4 .2)  displays the  angular d i s t r ibu t ion  of t h e  emitted t ransverse rad,;;, L I : :- 
- 13 - 
(4.3) 
N* 
f"-r ".c\cL.-~rnt; Lr;t,erac%ir,g pa r t i c l e s  e and e The f i r s t  t,wo terms r?:duce Z G  
(3.5 :I) upcz dffferentia%son, while the  terms involving I do mt. e m t r i b u t e  t o  
(in>)] T L ~  magretic dipcLe rad ia t ion  which ord inar i ly  appears at  t h i s  level. 
3.:- h m ~ l . t i p o l e  expansiok' vanishes, since t h e  l o d a l  magnetic di$ole moment 
r 
is T i m e  invar lact  when part,icles e and e '  i n t e rac t  v i a  a Coulomb force.  
Th? t o t a l  emission i s  obtained by in tegra t ing  Eq. (4 .2)  over a11 s o l i d  
a-g Le s 
.. 
w k r ?  %el 
.dyadic product by a scalar product. 
is a scalar corresponding t o  Eq. (3.10) formed by repiacing the  
I ts  screened form i s  (cf  e Eq. 3.13) 
Fouri::r tracsPorrning Eqs. (3.13) and (4 .6)  i n  t i m e ,  we subs t i t u t e  i n  Eq. (4.5) 
- 14 - 
(4.7) 
To calculate  the  average power per un i t  vo lme  emitted over t he  time 
i n t e r v a l  T, w e  sum the  uncorrelated col l is ions i n  the  following manner. 
number of e lectrons e' with ve loc i t i e s  i n  the  in t e rva l  d%$ about 72 which 
w i l l  co l l ide  with a given e lec t ron  e ?:aving ve loc i ty  7 
between be& and be# + dbeet i n  t i n e  T i s  j u s t  t he  number of e lectrons i n  
t h e  angular element dcp of a cy l indr ica l  s h e l l  of radius I beer I 
1 Vee' I T ,  
The 
e 
at  a n  impact distance 
r e  
.. M I 
and length 
Iu 
Y 
(4.8) 
In  Eq.  (4.8) cp i s  the  angle made 5y beet with some a rb i t r a ry  axis i n  the  place 
t ransverse t o  Tee' (b and Tee' are  orthogonal vectors ) . 
Y, 
I bee & 
For the  t o t a l  average power per un i t  volume, w e  multiply a s i r g l e  term 
i n  t h e  sum i n  Eq.  (4.7) by the  weighting fac tor  (4.8) and the number density 
n of e lectrons e, in tegra te  over a l l  impacts allowable i n  a s m a l l  angle thecry,  
and average over t h e  ve loc i ty  d i s t r ibu t io r s  fo r  pa r t i c l e s  e and e'. Without 
l o s s  of general i ty  the i n i t i a l  displacement reo - reto may be considered a s  
t h e  impact vector f o r  each co l l i s ion .  The t ransverse spectrum reduces upon 
w rn 
- 15 - 
I performing these operations t o  
SFfore discussing Eq.  (4.9) we s h a l l  write down the  p a r a l l e l  expression 
f o r  t he  emission of quadrupole longi tudinal  bremsstrahlung. 
spectrum 1s obtained by exact ly  the  same process j u s t  discussed f o r  t ransverse 
waves: 
(2clC)), the wave coritribution i s  excerpted by l o c a l  in tegra t ion  over 121 values 
riear that  given by Eq. (2*11), the  angular d i s t r ibu t ion  of rad ia t ion  i s  in te -  
grated over, and f i n a l l y  co l l i s ions  a re  summed. 
The longi tudina l  
Eq .  ( 3 . 9 )  becomes t h e  source current for  t he  longi tudinal  par t  of Eq. 
The emergent r e s u l t ,  
i s  srrnilar i n  s t ructure  t o  the  t ransverse spectrum, d i f f e r ing  by a wavelength 
ratio (cu-l  3-l" )5 [ c f .  Eqs. (2.11) and ( 2 . 1 2 ) ]  and numerical f ac to r s .  
numerical f ac to r s  arise fo r  two reasons: 
polar izat ions as opposed t o  a s ingle  longi tudinal  po lar iza t ion ,  and second, 
fc;r crly given co l l i s ion  the  Doppler shift; (sue t o  t h e  mean motion of t h e  two 
e l e c t  Tons th rough t h e  plasrrla) for t he  f i n i t e  wavelength r ad ia t ion  d i f f e r s  f o r  
These 
f i rs t ,  the re  are two t ransverse 
longi tudinal  and transverse waves. 
- 16 - 
. 
I 
I 
I 
V. COMMENTS ON THE QUADRUPOLE EMISSION 
The f irst  term i n  both spec t ra  exhibi ts  the  customary logarithmic diver= 
gence f o r  la rge  values of 14' 1 (small impact dis tances)  and must be cut off a t  
consistent with the  small angle sca t t e r ing  approximation. 
/bmin a value 
Because of t he  slow logarithmic nature of t he  divergqnce, it makes l i t t l e  
difference whether bmin i s  taken as the t y p i c a l  9 8  def lec t ion  impact distance 
- 
(bmin $ 2) or t h e  DeBroglie wavelength /bmin 3 "J - f o r  an average event. i m 
From t h e  nondivergent term, l i t t l e  contribution i s  obtained f o r  la rge  values 
of \&'I , s o  t h a t  t h e  i n t e g r a l  may here be extended t o  00 with but  negl igible  
e r r o r .  
The kJ  integrands of Eqs. (4.9) and (4.10) exhib i t  resonames which 
correspond t o  t h e  in te rac t ion  of e lectrons through self-generated plasma 
osc i l l a t ions .  These resonances occur i n  the  s m a l l l & ' I  region, &'hD<<l, where 
Landau damping of t he  osc i l l a t ions  ( i .e.  I"DL) i s  s m a l l .  
resonant e f f ec t s  are important, t h e  p r inc ipa l  contr ibut ion t o  the  k' i n t eg ra l s  
i s  from the  non-divergent terms. The resonance w i l l  be most strongly manifest 
when both I DL(k' ,gl'ie) I and I DL(kJ,$' * j e t  )I2 are  nearly vanishing or from our 
discussion i n  Section I1 when k' .ze ?z k' .Z,I 
we then  conclude t h a t  t he  resonance appears i n  the  emitted spectra  a t  t he  nar- 
monic 2 w  
w w 0 i s  excluded by the  shielding fac tor  (w2 - u) ') . Since longi tudlnal  
waves of frequency u) 2 2wp are strongly Landau damped ( c f .  the  discussioc il 
I 
In  t h e  region where 
J 
2 
*Up. Using the  &-functions,  
1 Y 
because the  possibi-l i ty of emission at t h e  &ifferenee frequeicy P' 
3/2 
P 
Sect ion 11), w e  expect t h i s  non-linear resonance t o  appear only i n  the  t rans-  
verse  bremsstrahlung spectrum. 
- 17 - 
2rdmzr~ and Ikipree‘ nave studied the  enharxement of the  transverse Fremsstrahlmg 
speCt,rum iear w = 2wp and have found t h a t  ce r t a in  e lec t ron  dis t r ibu5ions com- 
p ~ ~ d  of a senuoils energet ic  component coexisting with a thermal background 
‘5 . - L A  ,- exnFkI i t  8 sigrifican’, resonance. The observed resonance around w = 2wp 
2 t lei? spec4,r2 c f  Type I1 S?iar radio b u s t s  has thus been explained as a r i s ing  
Prcm enhamed electron-electron bremsstrahlung’’. 
L:‘ Tppr. -1 spzctra at  w 
bremsstrahlung and occurs dominant,ly i n  dipole order.  
resfilts a re  included i n  the transverse dipole spectrum of Ref. 1 and can be 
ext,ract,ed by l o c d  ir i tegration near w = wp of E q .  (443) of that. paper. 
The accompanying resGnance 
- 
i s  explained as s imi la r ly  enhanced elec+-ron-ion r! 
These Tidman-Dupree 
Fur ?;nei*md equilibrium 
aQd the t:ransverse and lopgi tudinal  spec t ra  become 
and 
- 18 - 
where, following the  notat ion of Eq. (2.9), 
The i a t eg ra t ion  var iab les  i n  Eqs. (5.2) and (2 .3)  have been non-dimensionalized, 
so t h a t  the logarithmically divergent term must now be cut off  at a value 
kmax abmin 
11 
CY-.  
For steady s t a t e  thermal equilibrium conditions, t h e  emissions of both 
t ransverse and longi tudinal  e lectron-electron bremsstrahlung are r e l a t ed  t o  
t h e i r  absorption v i a  c o l l i s i o n  processes through Kirchhoff ‘s L a w .  Electron- 
e l ec t ron  c o l l i s i o n a l  damping may be thought of as a viscous e f f e c t ,  s ince it 
is  only present when the  f i n i t e  wavelength of the  spec t r a l  components i s  taken 
int.0 consideration so t h a t  a macroscopic shearing of the eleckronb 
(regarded as a f1uid)is e f fec ted .  Alternatively,  it may be looked upon as a 
f i n i t e  wave res i s tance  due t o  e lectron-electron c o l l i s i o n  processes. 
1 
This la t ter  approach has been taken by DuBois and Gilinsky12, who have 
calculated the  d i s s ipa t ive  conductivity component which r e s u l t s  from thermal 
equilibrium electron-electron co l l i s ions .  The conductivity components f o r  
t ransverse  and longi tudina l  waves which we calculate  from E q s .  (5.2) and (5 .3 )  
(The ca lcu la t ion  i s  t h e  same as t K a t  ca r r ied  out i n  Ref. 1 f o r  steady s t a t e  
e lectron-ion d-ipole processes.)  a re  i n  exact agreement with those of DuBois 
and Gilinsky (including the logarithmic t e r m ) .  
. 
Figure 1 i s  a graph of the in t eg ra l  
t- 
I J-= fit+ w-( &d ID..l~D;I” 
l/2 
0 -a0 
cornon t o  Eqs. (5.2) and (5 .3)  and normalized t o  i t s  % -. 1 value of 2(n) . 
- 19 - 
33eca-~sz t h e  logar i thn ica l ly  divergent terms i n  Eqs. (5.2) and (5 .3 )  are weighted 
toward la rge  k , where the  D L ' s  are close t o  uni ty ,  t h i s  i n t e g r a l  displays the  
primary e f f e c t  of  shielding f o r  thermal equilibrium electron-electron events . 
I 
A s  might be expected, shielding becomes decreasingly important as w 
-_ , 
progresses higher above cop. This decrease r e su l t s  from t h e  f ac t  t h s t  co l l i s ions  
ZL impact distances comparable with a Debye length (where screening i s  most 
e f f r m i v e )  t a k e  place t o o  s lowly. to  contribute t o  the  rad ia t ion  at high 
- -  I 
frequencies e High frequency s p e c t r a l  components are emitted i n  c loser  impact 
cI;,l.l.isions which are e s s e n t i a l l y  two body i n  nature.  
in f lee t ior ,  i s  noted i n  Fig.  1 near w = 2wp. 
A s m a l l  but  percept ible  
This i s  t h e  aforementioned col lec-  
tive resonance, which f o r  thermal equilibrium conditions adds but a minute 
ccn';ributioL t o  the  overa l l  emission because of the low l e v e l  of longi tudinal ,  
Cerenkov type osc i l l a t ions  i n  such plasmas4. 
been obt,ained by DuBois and Gilinsky12 ( c f .  Fig.  3 of t h e i r  paper) .  
A curve similar t o  Fig.  11) has 
For frequencies w X 3wp, E q .  (4 .9)  can be approximately evaluated by 
2)3/2 by w 3 and l e t t i ng  ignoring shielding e f f e c t s ,  i .e .  by replacing (w2 - wp 
DT -.t L, 
u 
Ir, Eq. ( 5 . 5 )  t he  F ' s  are  one dimensional e l ec t ron  d i s t r ibu t ions ,  and use has 
been made of t he  f ac t  t h a t  fo r  i so t rop ic  d i s t r i b u t i o n s  
n 
Filrther evaluation of ( 5 . 5 )  depends on t h e  e x p l i c i t  form of F. 
of a rough estimate, however, we assume t h a t  d i s t r i b u t i o n s  of i n t e r e s t  can be 
For purposes 
- 20 - 
approximated by 
= 0 otherwise 
Equation (5 .5 )  then becomes 
For frequencies a t  which t h e  theory i s  va l id ,  w 5 - l u ~ , ~ O  , t h e  f i r s t  term 
i n  Eq. (5.7) dominates. 
f a c t o r  of - 2 t o  our estimate.  ) 
t i o n  of (5.7) with the  high frequency form o f  the  t ransverse dipole spectrum 
(Toward the  high frequency end, the  l0/3 may add a 
Comparing t h i s  logarithmically dominant por- 
~ 
as derived from Eq. (4.13) of Ref. 1, we f ind  t h a t  the  r a t io ,  quadrupole t o  
dipole , 
( Z  is the ionic  charge), i s  s m a l l  even f o r  r a the r  energet ic  e l e c t r m  d i s t r i b u -  
i t i o n s .  We conclude, therefore ,  t h a t  except for those e lec t ron  d i s t r ibu t ions  
which lead  t o  a considerable enhancement of the  bremsstrahlung i n  the  neighbor- 
hood of w = 2wp v i a  strong col lect ive e f f ec t s ,  rad ia t ion  loss  due t o  e lectron-  
' -IL 
c 
e lec t ron  co l l i s ions  i s  negl igibly small i n  the  frequency i n t e r v a l  considered. 
- 21 - 
\,' I 2 X C L L D n C  REMARKS 
S3fm-e summarizing, wtf would discuss b r i e f l y  two points:  k2 bremsstrahlung 
c orrec' , ions from el.ect ron-ion co l l f s icns  and the ro le  of r e l a t i v i s t i c  kinematics 
1 t zis higher srder  bremsstrahlung emission. 
E l ? . e t  r : r? - I?n  k2 Corrections 
A treatmerit very s imilar  t o  t ha t  presented i n  the  preceding seci,ions has 
beer- car r ied  c u t  50 assess  the  e f f e c t s  of e lectron-ion c o l l i s i m s  on higher 
order lo rgf tudina l  and t r m s v e r s e  bremsstrahlung spectra .  I n  t h i s  pri?5lem it t  
is impcrtant t o  carry the  electron-ion source current t o  octupole order, f o r  
i.r- E q .  (20?1)  !,here exists a f i n i t e  coupling between the  dipole and oe+,upole 
c w r t  ::+ dens i t ies  This d ipc le -x tupole  coupling leads t o  an emission compar- 
a? i@ with %hat obkained from the  squared form of the quadrupole j,. 
ikc+.ropic fo , the dipole-quadrupole in te rac t ion  vanishes because of t,he 
a r g u l a r  symmetry i n  the  integrand of Eq. (2.10). 
Carrie3 3bt assuming uncorrelated ions and f o r  an electron-ion Coulomb in t e r -  
[For 
Y 
The calculat ior .  has been 3 
act ion force.  The superposit ion pr inc ip le  has a l s o  been used t o  properly 
accou,'lJ f o r  orb i t  f luctuat ions important i n  d i s t an t  encounters e 
A s  i n  the  dipole case, a resonance near w = wp i s  found. T h i s  resmarrce 
a r i s e s  from a non-linear coupling between the  e l ec t ron  plasma o s c i l l a t  ion (W 5S wp) 
arid thc i o n  wave (w 0)  associated with each of t h e  i n t e r a c t i c g  p a r t i c l e s .  
I n  thermal equilibrium, t h e  k2 electron-ion bremsstrahlung correct t iom 
car; be compared (v ia  Kirchhoff 's  Law) with the  f i n i t e  wavelength conductivity 
c x r e c t i o n s  calculated by Berk3-3 f o r  e lectron-ion c o l l i s i o n s .  To logari thmical ly  
domirLant order our emission r e s u l t s  lead i n  t h i s  case t o  expressions f o r  t he  
d.issipative conductivity components which agree with Berk's calculateions f o r  
both t ransverse and longi tudinal  waves. 
- 22 - 
. 
For high frequencies the  k2 correction i s  sma l l  compared with t h e  dipole 
emission i n  the  approximate r a t i o  
R e l a t i v i s t i c  P a r t i c l e  Dynamics 
We have seen i n  Eqs .  (5 .8)  and (6.1) t h a t  the t ransverse spectrum a r i s ing  
from electron-electron col l is iord and the f i n i t e  wavelength correct  ion t o  the  
electron-ion emission are both r e l a t i v i s t i c a l l y  small i n  comparison with t h e  
electron-ion dipole emission. The question now a r i s e s  as t o  whether inclusion 
of r e l a t i v i s t i c  e f f e c t s  i n  the p a r t i c l e  equations of motion ( i .e .  replaci-ng 
Eqs. (3 .7 )  and (3.8) and t h e  corresponding electron-ion ,forms by t h e i r  r e l a t iv -  
i s t i c  general izat ions,  including the  f u l l  electromagnetic i n t e rac t ion  between 
p a r t i c l e s )  generates corrections i n  dipole order of t h e  same magnitude as 
those we have calculated.  
We argue t h a t  r e l a t i v i s t i c  dipole correct ions t o  t h e  electron-electron 
t ransverse  s p c t r u m  w i l l  be of 0 g> and hence general ly  smaller thar, those 
which w e  have considered. This follows fram the  f a c t  t h a t  t h e  dipole power 
emission is  proportional t o  I p ( w ) l  
moment for each in te rac t ion .  
2 (see Ref. l), where p i s  the l o c a l  digole 
u - 
and hence To lowest non-vanishing order 5 - - U2 
I c2 
t h e  dipole  power i s  of 0 (-3- 
For electron-ion encounters, however, we do expect correct ions t o  the  d i p d e  
spectrum of 0 0 .  This follows f rom the  f a c t  that p ( w )  now has an O(1) 
contr ibut ion,  so t h a t  1 c ( w )  1‘ can have an 0 Lg tesrn’for-thisL type in te rac t ion .  
R e l a t i v i s t i c  cons ide ra t im  of the problem w i l l  l ead’ to  dipdle ele’ctron-im 
rv 
Y 
correct ions cm-parable with those given by Eq. (6.1). This problem i s  worthy 
6f pursu i t  and can perhaps be s o b e d  by a dodif i@ation of t he  method used i n  
t h i s  paper. 
- 23 - 
s-U-MMl4R-i. 
Extendirig the model developed i n  Ref. 1 t o  include sources due t o  the  
lowes: order form cf the  accelerat ive current, density a r i s ing  from electron-  
e l e c t r o n  interact im.s ,  we kave succeeded il? obtaining expressions f o r  the  
iongisudinal and transverse qusdrupole bremsstrahlung spectra .  Shielding of 
t h e  e lectrons and the  accelerat ions 3f the shielding clouds a re  included, s o  
that  the low frequency forms of t he  spectra  are properly modified. 
methods can be applied t o  obtain f i n i t e  wavelength correct ions t o  she electron- 
ion emission. 
* 
Similar 
The pr incipal  fea tures  of the  spectra t tns  obtained are:  
The transverse electron-electron spectrum exhib i t s  a rescnance near 
w = 2wp0 The resonant emission i s  small i n  thermal equilibrium bnt  can 
be considerably enhanced f o r  non-equilibrium s i tua t ions  , as pointed out 
by Tidman and Dupree4. 
T'he thermal equilibrium forms of t he  spec t ra  lead upon appl icat ion of 
Kirchhoff's Law t o  conductivity values iden t i ca l  with those derived by 
DuBois and Gilinsky12. 
The high freqtlency form of the  t ransverse spectrum i s  approximately evaluated 
and found t o  be r e l a t i v i s t i c a l l y  small compared with the  dominant e lectron-  
ion dipole emission. 
F in i t e  wavelength correct  ions t o  the  bremsstrahlung spec t ra  f o r  Coulomb 
electron-ion in te rac t ions  are  quoted. These spec t ra  exhib i t  a resonance 
near w w wP. 
ident ica l ly  r e l a t ed  t o  Berk's13 conductivity correct ions e 
quenciks , where exp l i c i t  evaluation i s  possible  , t he  t ransverse emission 
i s  again r e l a t i v i s t i c a l l y  small compared with t h e  dominant dipole power. 
1 e ) 
2 . )  
3 .  
b e  ) 
For thermal equilibrium plasmas, t h e  power emissions a re  
A t  high f re -  
.. 
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Appendix 
In t h i s  appendix *&e I i s  calculated according t o  t h e  prescr ip t ion  of 
w 
Y 
Eq. (3.11). From t he  form of f Eq.  (3.10)' we note t h a t  only t h e  terms 
re ' 
-5 
be worked out, s ince V e e t  feel  I reeJ I
transposing the  first dyadic. 
exp{-i$.ge] may then  be obtained by 
I - Y I  
Using Eq. (3.12) f o r  f ,  w e  write 
t 
(A.1) 
Now i n  Eq. (A.l) exp ( - i k * x )  may everywhere be replaced by exp (-ik*'.e), since 
t h e  in t e rac t ion  range X-Fe i s  cut off by shielding at dis tances  of t he  order 
of a f e w  Debye lengths and the  corrections 
CY. 
a -  * Y  
r r r  
(Fe-2)-Jn (n l  )-l are thus s m a l l  i n  
.II 
(Recal l  t h a t  k represents the  wavenumber of the  emitted rad ia t ion . )  
U 
The ve loc i ty  in t eg ra l s  i n  (A.1) can be car r ied  out by noting t h a t  f o r  
i s o t r o p i c  f, 
- A - 1  - 
where from Eq. (2.gb) 
T'ne space integrat ions are i n  the  form of the  Fourier transformed Coulomb 
e l ec t , r i c  f i e l d  
When use of ( A . 5 )  i s  made, Eq.  (A.4) i s  e a s i l y  reducible t o  a s ing le  in tegra t ion  
over i n t e rac t ion  wavenumbers Further, s ign i f i can t  cance l la t ion  i s  induced 
by expressing Feel Fee@peell i n  i n t e g r a l  form, 
I 
-3 
C h I r r  
- A-2 - 
0 I n  simplest form, we then  f i n a l l y  write 
1 
where the  1. subscript  designates a vector component perpendicular t o  kl . 
m 
The format for determining reel reel reel *Yee,lreIr5 exp{-ii-;e] i s  qui te  
W e  write down an equation corresponqing t o  ( A . l ) ,  ca r ry  out t h e  
c 1 c y r * I I . * r  
similar. 
ve loc i ty  in t eg ra l s  using (A.2) and (A.3 ) ,  and note t h a t  exp(- ik-x)  can be set 
equal t o  exp(-ik*T ) and extracted from the  integrat ion process. 
t o  ( A . 4 1 ,  w e  then  obtain 
a m -  
Corresponding 
Y be 
- A-3 - 
The space in tegra ls  are now i n  a form s l i g h t l y  d i f f e ren t  from ( A . 5 ) .  It 
cays be showi?, however, t h a t  for a rb i t r a ry  a and b 
# Y 
Pqdar , ion  A . 9  i s  perhaps bes t  evidenced by changing var iab les  t o  y = 2 - a, 
in tegra t ing  by par t s ,  and f i n a l l y  using a 1  expressing y j ~ l - ~  as - 4 /ax'ly19J 
Eq.  ( A . 3 )  and i t s  kJ gradient .  
Y r.. 
w a  
h 
a 
For the  purpose of  combining terms, it is  again convenient t o  express 
( i n  analogy with the inversion of Eq.  ( A . 9 ) )  
The r e s u l t  obtained af'ter in tegra t ing  and a lgebra ica l ly  simplifying Eq .  ( A . 8 )  I 
From (A.ll), ( A . 7 ) )  and the transpose of the l a t t e r  dyadic form, it i s  
... 
now possible t o  write down Qee' 
wit.h the  superposit ion pr inciple ,  
( c f .  Eq .  3.10), properly shielded i n  accordance - 
w 
- A-4 - 
. 
' e  
c 
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Figures 
1. Numerical evaluation of J as a function of w i n  the  low frequency 
I region. 
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